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The general boundary formulation of quantum field theory is applied to a massive scalar field in 
two dimensional Rindler space. The field is quantized according to both the Schrodinger-Feynman 
\ quantization prescription and the holomorphic one in two different spacetime regions: a region 

bounded by two Cauchy surfaces and a region bounded by one timelike curve. An isomorphism is 
constructed between the Hilbert spaces associated with these two boundaries. This isomorphism 
preserves the probabilities that can be extracted from the free and the interacting quantum field 
theories, proving the equivalence of the S-matrices defined in the two settings, when both apply. 
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I. INTRODUCTION 



The general boundary formulation (GBF) provides a new axiomatic approach to describe the dynamics of quantum 
fields fh-fl7l|. The set of axioms, inspired by topological quantum field theory [H|,[li|, assigns algebraic structures to 
geometrical ones and ensures the consistency of these assignments. In particular, amplitude maps are associated with 
gen eral spacetime regions and state spaces with their corresponding boundaries. A generalization of the Born's rule 
[20] guaranties a consistent physical interpretation of such structures. 

The main motivation for the development of the GBF has been represented by conceptual difficulties inherent in 
the attempt to formulate a quantum theory of gravity pj| [2l[ like the so called problem of time [22[ , the problem of 
providing a fully local description of the quantum dynamics in a quantum gravitational context and the measurement 
problem. From this perspective, a remarkable aspect of the GBF is the following: no background metric is required 
, for the implementation of the GBF. 

' On the one hand, it is very useful to consider quantum field theories of matter fields on fixed Lorentzian spacetimes 
to test the GBF and to gain insight into its structure. On the other hand, in the standard formulation of these field 
theories, only regions with spacelike initial and final data hypersurfaces are usually considered. Within the GBF a 
much wider class of setups can be implemented. Indeed, the GBF offers the possibility to construct QFTs in general 
spacetime regions, in particular compact spacetime regions with just one connected boundary with spacelike and 
timelike parts. This means that the GBF enables us to have a completely new perspective on the well-established 
quantum theory of matter fields. 

In recent years, the GBF was applied to many different physical setups [3l Il0l - fl6l . |23| which led to many interesting 
results, like the cros sing symmetry of the S-matrix of perturbative quantum field theory which is a derived property 
within the GBF [HHg or the rigorous construction in Anti-de Sitter space (Io| of an asymptotic amplitude that can 
be interpreted as an S-matrix for spatial asymptotic states. 

In this article, we apply the GBF to study the quantum theory of a massive scalar field in 2d Rindler space in 
two different spacetime regions: a region bounded by two Cauchy surfaces given by hyperplanes of constant Rindler 
time, and a region bounded by one timelike hypersurface of constant Rindler spatial coordinate. The first region is 
usually considered in the standard formulation of QFT and represents an important test for the ability of the GBF 
to reproduce known results. In contrast, the timelike boundary of the second region makes the applicability of the 
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standard techniques of quantization difficult and represents a significant departure from the traditional description of 
dynamics in QFT. We will show that the GBF can deal with this second setting with no difficulty and moreover we 
proof that a one-to-one relation can be established between the state spaces in the two settings. This result extends 
previous results obtained in Minkowski space (IH [ill 1 and de Sitter spaces [24l. [25|. 

The article is structured as follows: In Section UH we introduce the GBF and its main structures. In Section 
IIII1 the two spacetime regions of interest here are introduced and the solutions of the classical equations of motion 
specified. In Section HVl we present the quantization of the scalar field in both regions and in Section [Vj we establish 
an isomorphism between the two quantum theories and show that it preserves amplitudes and probabilities in the free 
quantum field theory. In Section IVI C[ we show that this is also true for the interacting theory. Our conclusions and 
outlooks are summarized in Section [VIII 



II. THE GENERAL BOUNDARY FORMULATION OF QUANTUM FIELD THEORY 

In this section, we give a short review on the Schrodinger-Feynman representation [l| and the holomorphic represen- 
tation [3| in which the GBF axioms presented in [l| have been so far implemented. We introduce the main structures 
that will be used in the rest of the paper such as state spaces and amplitude maps for both representations. 

Let Sm{4>) — / M d"i£((/i,9(/), i) be the action of a linear real scalar field theory in a spacetime region M of an 
TV-dimensional Lorentzian manifold (Ai,g). Denoting the boundary 2 of the region M with S, we associate with 
this hypersurface the space of solutions of the Euler-Lagrange equations defined in a neighborhood of E. 3 The 
symplectic potential on E results to be 

:= f^ N -^X{x{a)) («"^) (<*)), (1) 

where is the unit normal vector to E. For every two elements of the space Ls there is the bilinear map [•, -]s : 
Ly± x L-£ — > K defined such that := (^s)f(^) an d the symplectic structure: the anti-symmetric bilinear map 

cj£ : x Lj; — > M. given by 77) := i[£>f?]£ — ^[^Cls- The last ingredient for the quantum theory we need 

to specify is a compatible complex structure Js represented by the linear map Js : — > is such that = —id 
and we(Js-, Jjj«) = and is a positive definite bi-linear map. Remark, that all ingredients but the 

complex structure Je are classical data uniquely defined by specifying the action. 

These basic ingredients can now be used in different ways to specify the Hilbert spaces which, according to the 
axioms of the GBF, are associated with the boundary hypersurface E. 4 In the following sections, we introduce the 
two representations developed so far within the GBF, namely the Schrodinger representation, usually associated with 
the Feynman path integral quantization prescription, and the holomorphic representation. 

A. The holomorphic representation 

From the complex structure we define the symmetric bilinear form : x Ly. — > R as 

gx(t,n) :=2w E (£,J s r/) V&tieLe, (2) 
and assume that this form is positive definite. Next, we introduce the sesquilinear form 

{S,v}* :=gs(t,v) + 2iw s (£ ) 7 7 ) V£,7,€i s . (3) 



1 The one-to-one correspondence established for the standard spacelike bounded regions in Minkowski space and a particular family of 
regions with timelike boundaries was used, in particular, to show explicitly that the crossing symmetry of QFT is generic in the GBF. 

2 Notice that whether the boundary hypersurface £ is a Cauchy surface (or a disjoint union of Cauchy surfaces) has no bearing on the 
following treatment. 

3 More precisely Ls is the space of germs of solutions at £ which is the set of all equivalence classes of solutions where two solutions are 
equivalent if there exists a neighborhood of £ such that the two solutions coincide in this whole neighborhood. 

4 If the boundary of the region considered is given by the disjoint union of two hypersurfaces, say E = Si U £2, the associated Hilbert 
space is tensor product of the Hilbert spaces defined on each hypersurface, Me = Hs 1 ® ^e 2 ' wnere * ne different orientation of the 
hypersurface £2 with respect to £1 is responsible for the dualization of the corresponding Hilbert space. 
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The completion of with the inner product turns it into a complex Hilbert space. The Hilbert space 

%2 = H 2 (Lz, dz/yj, 5 namely the set of square integrable holomorphic functions on L^, is the closure of the set of all 
coherent states 6 [4| 

K^(<p):=ei^^, (4) 
where £ € and the closure is taken with respect to the inner product 



(K^> K ie)--= ^{4>)K^{<f>)K^), (5) 

J Ls 

where Avy, is a Gaussian probability measure constructed from the metric gs 01 • It can be represented formally as 
d^s(</ ) ) = d^E^e* 92 ^'^ with a certain translation invariant measure d/Z£. 

Associated to each spacetime region M there is an amplitude qm defined for states belonging to the Hilbert space 
associated with the boundary E of this region, 

qm{ip h )~I di^v'm (6) 



where C Ls is the set of all global solutions on M mapped to Ls by just considering the solutions in a neighborhood 
of S. 7 The measure Av^j is again a Gaussian probability measure constructed from the metric gz Q. 8 This amplitude 
for coherent states turns out to be 9 

q m (k*) = cxp (~ 5s (£V R ) - Ig^ 1 ^ 1 ) - ^fctfV)) , (7) 

where ^ R ,^ £ and £ = £ R + Js^ 1 ■ A consistent probability interpretation can be given to this amplitude using 
the generalized Born's rule [2, HTJ] defined in the GBF. 



B. The Schodinger-Feynman representation 

In this section, we introduce the Schrodinger-Feynman representation of the GBF. However, we will not start from 
the symplectic form and complex structure we established in the beginning but directly from the action Sm (<^)- This 
is the way the Schrodinger-Feynman representation was established originally. The construction of the Schrodinger- 
Feynman representation from the symplectic form and complex structure will be the content of the next section which 
will illuminate the relation between the two representations. 

In the Schrodinger-Feynman representation, quantum states in the Hilbert space associated with the boundary £ 
are represented as wave functionals of the space of field configurations 10 . The amplitude associated with the region 
M is given by the linear map qm ■ Wt, - > C, 

Qm{^ S ) = jvip^ s {<p)Z M [fp), (8) 

where the integral is extended over all the configurations <p on the boundary of the region M, and Zm(<p) is the field 
propagator, formally defined as 

Z M (f) = f Vcf>e iS ^\ (9) 



5 To make this mathematically precise one actually has to construct "Hj, = H 2 (L^, cVs) where Ls is a certain extension of Lj;. For more 
details about the construction of Ly, and Avy, we refer the reader to 

6 States in the holomorphic representation are denoted with a superscript h. 

7 More precisely, global solutions are mapped to the corresponding germs at S. 

8 Again, we refer the reader to (J where the constructions are given that make all the objects used here well defined. Additionally, in 
[j| it was shown that the one-to-one correspondence between maps > which is an important ingredient of the Schrodinger-Feynman 
representation and will be defined in the next section, and complex structures Jj; leads also to mathematically well defined constructions 
for all the expressions in section Til Bl 

9 See equation (31) of 0| for normalized coherent states and equation (43) in 0| as well as [jj. 
We denote states in the Schrodinger-Feynman representation with a superscript S. 
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where Sm {4>) is the action of the field in M and the integral is extended to the spacetime field configurations (j> that 
reduce to the configuration ip on the boundary hypersurface E. 

As in the holomorphic representation, coherent states can be defined in the Schrodinger representation. They are 
given as 



Ki,£(<P) = K £,« cxp (^j d 3 s£,(s)p{s) - ^S} s ((p,(p) 



(10) 

where Kj:,£ is a normalization constant and f2s is a bilinear map from two copies of the space of field configurations 
on the boundary hypersurface E to the complex numbers. The vacuum state is obtained from (|10[) by setting f = 0. 

With the coherent states above we can again define the Hilbert space associated with the boundary E as the 
closure of the space of coherent states with respect to an inner product. In the Schrodinger representation this is the 
expression 



«-e|V> s > := / V<PM<P)*&{<P)- (H) 



C. Relation between the two representations 

In this section we show how to develop the Schrodinger-Feynman representation starting from the symplectic form 
and the complex structure. We also clarify the relation between the two representations. 

We start by defining what plays the role of the "space of momentum" in the Schrodinger-Feynman representation: 

M E := {tj e£ E :[£,»?] =0V£eL E }- (12) 

It can be shown that Ms is a Lagrangian subspace of Ly,- 11 Next, we consider the quotient space Qy, := Le/Me 
which corresponds to the space of all field configurations on E. We denote the quotient map — > by q%. The 
last ingredient needed for the Schrodinger representation is the bilinear map defining the vacuum state, 

:Qe xQ s ^C, 

M- 2weC7e(p), JeJe^')) -ifo'sfaWlE, (13) 

where j'e is the unique linear map Qs such that qs o j s = idQ s and js(Qs) Q JeM. Coherent states are given 

in terms of f2s by the expressions 

K^tp) = exp (Oe(<?e(£),¥>) - ^te(fe(0.te(0) - - ^M¥>, </>))) • ( 14 ) 

It was shown in [5j that there is a one-to-one correspondence between bilinear maps Qs appropriate for the Schrodinger 
representation and complex structures J^. This means that given a complex structure, we uniquely fix all the 
algebraic structures of the two representations. 12 In particular, an isomorphism exists between the Hilbert spaces 
in the holomorphic representation and the Schrodinger-Feynman representation that preserves the amplitude map. 
Hence, the two representations can be used equivalently. 

III. CLASSICAL THEORY 

Rindler space 1Z is given by the metric ds 2 — p 2 drj 2 — dp 2 where p G M + and 77 € K. The free action of the 
Klein-Gordon field in a spacetime region M is 

W0) = \f d V dpp f- (d p( f) 2 + 1 (d v 4>f - m 2 A , (15) 

1 J M \ P / 



11 It is this subspace that defines the Schrodinger polarization of the prequantum Hilbert space constructed from Lj, see [B| for details. 

12 This one-to-one correspondence sends H4\l into l|10|l . 
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where d p and denote the partial derivatives with respect to p and 77 respectively. From the action we can deduce 
the equation of motion, 

(-pdppdp + dl + ™y ) = 0. (16) 
Solutions of the field equation (fT6|) can be expressed in terms of the modes 

Xp (x) = UsuMP^)r 1/2 h P {mp)e-^ : cb p (x) = ( smh (^)) 1/2 g (mp)e -iw p > , {17) 

Z 7T 

where I lp and K- lp are the modified Bessel functions of the first and second kind respectively, see Appendix [Aj 

In the following, we will study the field in two different spacetime regions: A region Mi bounded by two semi-lines of 
constant Rindler time r/i and 772 respectively, with 771 < 772; namely Mi = [771,772] x R + and all the relevant quantities 
referring to this region will be indicated with the subscript [771,772]. Additionally, we will consider the region M2 
bounded by one hyperperbola of constant p = p\. namely M%2 = R X [pi,oo). Because of the asymptotic behavior 
(|A4[) , in both regions the field will be expanded in the basis of the modes <f> p (x). 



A. Region with spacelike boundary: Mi 

Consider the region bounded by the two semi- lines of constant 77, namely the region M\. We denote by <pi and 
if2 the configurations of the field on the boundaries Si at 77 = 771 and £2 at 77 = 772, respectively: 4>\t.x = tyi and 
4>\t. 2 — ^Pi- It will be useful to express the solution of the Klein-Gordon equation (|16p in terms of these boundary 
field configurations. In particular, the general solution to equation (|16p can be written as 

0(77, p) = (X a ( V )Y a ) (p) + (X b ( V )Y b ) (p), (18) 

where each Xi(rf) is understood as an operator acting on a mode decomposition of Yj. In particular we can choose 
X a (rj) — cos(prj) and Xb(r]) — sm(pi]). Expressing each Yi in terms of the boundary field configurations <pi leads to 
expression, 

/ sinp(772 - 77) \ / sinp(?7-77i) \ 

nV,P) = 7 r^i )(p) + ~. 7 7^2 (p), (19) 

Vsmp(772 - 771) ) \smp{Tj2- m) J 

where p is to be understood as the operator p := (pd p ) 2 — m 2 acting on a mode decomposition of the boundary 
field configurations. As mentioned above, the divergent character of I lp at infinity forces us to retain in this mode 
expansion only the modified Bessel function of the second kind, K lp) also known as Macdonald function, see Appendix 
lAl The free action (fT5|) in terms of the boundary field configurations reads 

S^MdVuV*) = lf Q j(<Pi ^)W [mM , (20) 

where the W[ ni V2 ] is a 2 x 2 matrix given by 

w tp. m) -1 y (21) 

m,w smp(rj2 - 771) V _1 cosp{r]2 ~ T]i)J y ' 



B. Region with timelike boundary: Mi 

In contrast to the spacetime region considered before, the region M 2 presents only one boundary E pi defined by 
the hyperbola p — pi, i.e., M2 =lx [p±, 00). The subscript p\ will be used for the quantities referring to this region. 
The field configurations will then contain only the modified Bessel function of the first kind and a solution of the 
Klein-Gordon equation in this region, reducing to the boundary configuration tp at pi, can be written as 

«*"-(s^)">- (22) 

where ^' p ^^ has to be understood as an operator acting on the field configuration ipirf) as 

Kjpjmp) eip , v = K ip ,{mp) ^ 
K ip (mpi) K ip/ {mpx) 



6 



The action of the field (|2"2")l in the region M2 is expressed in terms of (f as 

(24) 



1 f°° j_ . d ( K ip(™p) 



SpM = iL dri ^ )p d7 U-k^ (??) 

IV. QUANTUM THEORY 

In this section, the quantum theory of the free field in the different regions considered above will be presented. 
In [Tlj |. a general treatment of the GBF description of the quantum dynamics of a scalar field in a certain class 
of spacetimes and spacetime regions has been presented. The scalar field in the two spacetime regions in Rindler 
spacetime considered here satisfies the conditions of [11] and the results obtained can then be used in the present 
work. 

A. Quantization in Mi 

1. Holomorphic representation 

To constitute valid initial data on the hypersurfaces Si and £2, the field <fi must vanish at spacelike infinity which 
excludes the modes containing the Bessel functions of the first kind and leaves us with the decomposition 



<f>(x) = / dp(cj>(p)<t> p (x)+c.c.). (25) 







From the second variation of the action in equation (j!5[) . we obtain the symplectic form as 

^ = \ r — w - ( 2g ) 

z Jo P 

Now, we obtain for two modes <j) p and </y at £$ with £ = 1,2 the following expressions: 

w Si (^ p ,0p') = S(p-p'), w Si (0p,0 P ') = w Ei (0p,^p') = 0- (27) 

With the complex structure 

= -&=, (28) 

which corresponds to the timelike Killing vector field d n , we obtain, for two general solutions cj> and if) 

w Sj (<P, rp) = ~ j dp (W)^(P) ~ <l>(p)Wj) , (29) 

5Sl (0, t/,) = f dp (W)^(p) + <t>(p)W)) > (30) 



DC 



{0,1^ =flEi(0^) + 2tWE 4 (&VO = 2 / dp<j)(p)Tjj(p). (31) 







These are all the algebraic objects necessary for the holomorphic quantization of the Klein-Gordon field in the region 
Mi. 

2. Schrodinger-Feynman representation 

Substituting in ([9]) the free action (|20|) of the classical solution (Ti"9|) in the spacetime region Mi we can express the 
field propagator in terms of the boundary field configurations ipi and tf2, 

/ -' \-V 2 

Z[*,n>\A<Pi,<P2) = det . / P e "W.„].o<*i.¥»}, (32) 

V 27rsmp(?72 - 771) / 
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where again p — -J (pd p ) 2 — m 2 has to be understood as an operator. This field propagator satisfies the composition 
property 



z [nx,m)A l PU fs) = J Vi P2 Z [vuV2]fi ((pi,ip 2 ) Z[ V2tV3ifi (ip 2 , (p 3 ). (33) 

Following [111, [l6|, [25| we define by (fTUf the coherent states in the Hilbert space associated to the semi line of 
constant Rindler time r\. These states have the property to remain coherent under the evolution implemented by the 
field propagator (|32p . In the interaction picture, they take the form 

K^(tp) = exp (-lj™dp±- (e- 2i ^eip) + ICWI 2 )) exp (T° dpe'^ip) <p(p)\ V^oM, (34) 

where ipr),o is the vacuum state 13 in H^, 

= det (-|-) V4 exp f-lj dpV(p')pV(p')) • (35) 

We have now at our disposal all the ingredients to compute explicitly the free amplitude for a coherent state in the 
spacetime region M\. In particular we consider the coherent state defined by two complex functions £1 and £2 as 
^ (g) K^ 2 £ a in the Hilbert space H m <E> "H* 2 associated with the boundary of Mi . The free amplitude results to be 



exp (-\f™ ^ (|6(P)| 2 + \UP)? ~ 26(p)a(p))) 



(36) 



where we used again the expansion of the functions ^\^{p) in the basis of the modes u p (p). Notice that this amplitude 
does not depend on the Rindler times r\\ and 772 . 

B. Quantization in M2 

In this section we will give all elements of the two representations of the GBF in the region M 2 . 

1. Holomorphic quantization 
For the holomorphic representation, we start with the symplectic form: 

i r°° 

c* n (M')=v drip^dp^' -4>'d p 4>){ri)- (37) 

The solutions to the Klein-Gordon equation in Rindler space at E P1 only exist locally around E P1 , and thus are not 
expected to vanish at spacelike infinity. They can be parametrized using the modified Bessel functions of the first 
kind as 14 

/oo 
dp (<fe P1 (p)XpO) + cc.) , (38) 
-OO 

In contrast, solutions in the interior of M2 must vanish for p — > 00, and thus can be parameterized using just the 
modified Bessel functions of the second kind as 

poo 

4>M 2 {x) = dp (</>m 2 (p)<t> P (x) + cc.) . (39) 
Jo 



13 In the notation of 111! the coefficients c a and Cf, have be chosen to be I and i respectively. 

14 The only solutions we have to consider at the boundary are the Bessel functions of the first kind since the Bessel functions of the second 
kind are not independent solutions (see 
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For the parameterization in Equation ([55)1 and with the Wronskian of two Bessel functions of the first kind (see 
(|A2[) ), we find for the symplectic form the expression 

(<h n , & n )=~\l°° oo d p (p)&Jp) - c - c ) ■ (4°) 

To obtain the metric and the inner product on the space of solutions £s P1 at S Pl we define the action of the complex 
structure Jt, p1 as J-£ P1 Xp( x ) = — i% p (x). Hence, we obtain that 

/oo 
dp (<fe P1 (p)Xp(^) - cc.) , (41) 
-OO 

and the metric and the inner product result 

to Pl (<fe Pl , 0s P1 ) = 2" Sm (<fe P1 , Js P1 0' Spi )=f d P (<h n (pW^Jp) + cc.) , (42) 
=5E M (<fc n ,& n ) (<fc n ,& n ) = 2j^dp<te n (pW^Jfi. (43) 

By defining coherent states and their amplitudes we obtain the free quantum theory for the Klein-Gordon field in 
region M^- In the next section we will establish the identification between states on the boundary of M2 and M\. 



2. Schrodinger-Feynman quantization 
The field propagator is expressed in terms of the action (|24p as 



W^) = det .t , M e 1 ^^. (44) 



msinh(|p|7r) I 

where the expression in the determinant is to understood as an operator acting as 

msinh(|p|7r) msinh(|p'|7r) 
on the Fourier expansion of field configurations. We will consider the vacuum state 



Tp P i,a(<p) = c pi cx p y\j dri vW> ( [p ^p ln (j i ^ mp ^) ^) ^ 



(45) 



(46) 



p=pi, 



giving rise to the Hilbert space "Hs P1 ■ A coherent state in T^s > m the interaction picture, reads 

K(p) <p(-p) + C(-P) <P(P)] ) ^x.ofoO, (47) 



( r ^p 
Jo 7i|p|(mpi) 



where £(p) and <p(p) are the coefficients of the expansion of £(rj) and f(rj) respectively in the basis of the plane waves 
e lpv I \/2tt . K pi t is the normalization factor given by 



DO 



Kpui = exp I - / dp ; ( M^2t(p){;(-P) + \tiP)\ 2 + \a~p)\ 2 I I • (48) 
y J 4smh(p7r) \l iM (m Pl ) J J 

The free amplitude for a coherent state results to be 

= / Vw^,o(y) = exp (~ dp (IC(P)I 2 + \a-P)\ 2 + 2C(P)$(-P))) , (49) 

which is independent of pi, as it should. 



V. IDENTIFICATION OF STATES 

In the last section we derived all the objects necessary for the GBF on M^. We will now establish an isomorphism 
between the states on the boundary S pi and dMi using the coherent states. Since the coherent states form a dense 
subset in the respective Hilbert spaces, it suffices if we can identify them. 

A. Holomorphic representation 

We have for the amplitude for a generic region M and a coherent state the expression: 



qm(K^) = exp QflfaM(T-,r)J 



(50) 



with f = t r — it 1 and t , t 1 E Lv> such that r = t r + J bait 1 . The reader can easily verify that (|50|) coincides with 
0. 

For region M% we obtain for solutions <f), <j)' in that 

g dMl (<f>, <i>') = 2 [ dp (cj>(p)¥W) + cc.) . (51) 



For the solution <^>e p1 in C Ls p we obtain by projecting the solution <f> to a neighborhood of E Pl with the 
decomposition (|38[) and using relation (| All) the identities 



<fe P1 (p) = <Hp) and Spi (~p) = 0(p). 

For the metric we find then 

flEpxfcpx.O = / d P (te M (p)&TM+cc.) (52) 

J — oo 

= 2 J a d P (<f>(p)¥(p)+c.c.y (53) 

Hence, identifying the expression in equation (|50p for the amplitude in Mi and M\ is equivalent to the identification 

fs P1 = fflAfj , (54) 
for the two different regions. For region M2, let us define (p) and r^. (p) such that 

d P ( T ti 2 (p)<t>p( x ) +CC.J , = / dp (r{ 72 (p)0 p (a;) +c.c.) . (55) 

Then we obtain with the action of the complex structure corresponding to S P1 the identity 

^Pl ^pi ^Pl ^pi 



dp [(r| 2 (p) - ir^ 2 (p)) X p(x) + (r? 2 (p) + ir^ (p)) X _ p (z) + cc] . (56) 
By comparing this with Equation (|38p (replacing 0s P1 by r) we obtain 



^« (?) = r il» - ir k (P). ^ (-P) = r^ 2 (p) + ir^ (p), (57) 
for p > 0, which can be inverted as 

rl (p) = \ U (p) + ^Frf) , 4 2 (P) = 5 ( rs - W - ^FpT) ■ (58) 



2 ^ Pi w-/ ^pi \ -f/y ' jvf 2 v ' 2 

Then we find the expression 



00 



dp 







ts p1 (p)M x ) + t ^ p1 (-p)M x ) ■ ( 59 ) 
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For region M\ we have for a solution (ti,t 2 ) £ L^ x © L^- — Lqm x that t r = 1/2 (n + r 2 ,ri + t 2 ) and Jom^ 1 = 
1/2(ti — t 2 ,t 2 — 7~i) and hence f = 1/2(1 + iJsjTi + 1/2(1 — \J^ x )t2 and we obtain 



TdM l {x) = J dp \4> p {x)t 1 {p) + (j} p {x)T 2 (p)J , (60) 

which leads to the identification 

n(p) = r Spi (p), r 2 (p) = r Spi (-p), (61) 

with p > 0. These expressions give an isomorphism between the Hilbert spaces on the boundary of M 2 and M\. 
In particular, this isomorphism preserves the amplitude by construction and, thus, preserves the probability for the 
quantum field theory. It also preserves the vacuum state since ipo-,E h = ^Q):S h is mapped to t/'ojSm,, = Kq-om v ■ 

We will show in Section IVll that also the observable amplitudes for certain Weyl observables of the form W = exp(i£>) 
with D(cf>) = J d 2 Xy/~ det g(x)[i(x)<f>(x) and p,(x) a general test function are preserved. Since the corresponding 
amplitude can be used as a generating functional for the perturbative quantization of interacting scalar field theories, 
this means that the amplitudes for interacting scalar field theories in the two regions and are equivalent. 



B. Schrodinger-Feynman representation 

In Schrodinger-Feynman representation we proceed in a way analogous to what we did in the holomorphic repre- 
sentation. Based on previous results 

EMI, 

and in particular according to formula (75) of [Tl| . in the region M\ we 

have 

fa = — (e" lp,7 6 (P) + e ipJ >Mpj) , (62) 
where e± 2 ^ v is to be understood as an operator; expanding the function £i, 2 (p) according to (| A6|) we get 

£M = -if | V^smh (7 r P ) ^ (mp) ( e -^ lip)+ ^U>)) ■ (63) 
On the other hand, in the region M 2 , according to formula (91) of [llj], we have 

faq) = -K w (mp)Z(rj), (64) 

where Ki p (mp) is to be understood as an operator; the substitution of £(77) with its expansion £(r/) = J -^2=e lpT? £(p) 
leads to 

i<J>, V) = - r -%Ki\,\ {m P y p H{p) = - f° -%K ip (mp) (e^(p) + e-^(-p)) ■ (65) 
J-00 V ^ Jo v^tt 

Identifying (1551) with (1551 leads to the following relations, valid for p > 0, 

£(P)=J^65J, and «-p)=J^M 6 (p). (66) 
y ir P y irp 

Then, the substitution of these expressions for £(±p) in the free amplitude (|49l) in region M 2 reduces to the free 
amplitude (|36|) in region Mi. It must be noted that the isomorphism implemented by (|66j) results to be an isometric 
isomorphism. 



1. Equivalence of states on the boundary of Rindler space 

Consider the vacuums state (|46|) defined on the hyperbola. We notice that the surface of constant p in the limit 
where p tends to zero approaches the union of the surfaces defined by 77 — > —00 and 77 — > +00. 15 It is then to be 



The Hilbert spaces associated to these hypersurfaces will be denoted as and Wco respectively. 
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expected that the vacuum state (|4"6")l at p — reduces to the tensor product of two vacuum states (j3"5")) for r\ — > — oo 
and 7] — > +oo, that implies that the operator appearing in the exponential of (|4C5[) tends to the one in the exponential 
of (|35|) . This can be easily checked by the asymptotic property (|A3j) of the modified Bessel function Ii| p |, 

l™ V^ ln ( J ib|( TO P)) = bli ( 67 ) 

which is indeed the operator characterizing the vacuum state (|35[) . The normalization factor C Pl appearing in f|46[) 
satisfies 

M . det (-^, jL ln(/ , |p|( „ Vl) ) + i. A _l_ ln (7^)))" 2 . dot (^jl^ffl^)" 2 . (68) 

In the limit pi — > 0, using (|A3|) we have that 

|/ i|p| (m Pl )| 2 ~ \T(i\p\ + I)!" 2 = |ib|r(i|p|)|- 2 = Sh y } . (69) 
The modulus square of the normalization factor C Pl , in the limit p — > can then be written as 



C Pl |^ = det(^) , (70) 



and the vacuum state reads in this limit 

1/4 



V^o.oM - det (M) e ^(c P1 ) exp dj ,^ (p) W0 (_^ . (7i) 

In order for this state to correspond to the state V'rj-^-oo.o ® V^-s-oo.o £ H-oo ® 

/p\i/4 f I f°° \ 

ipn^-oofiiV-oo) ® VV-h»>oW») = det ^-J expl--y dp ^(pj^c (p) + <£>-<» (pW-oo(p)] I , (72) 

the following equality must be satisfied, 

2 [^oo(p)<^oo(p) + V-oo(p)y-oo(p)] = <A)(p)V?o(-p)- (73) 

With this equality, which relates the coefficient of the modes expansion of the field in the asymptotic hypersurfaces 
r) — > ±00 and p\ — > 0, it can be shown that also asymptotic coherent states coincide, namely 



^1^0,5(^0) = VV-^-oo.fr OP-oo) ® -0>j-+oo,£2 (^00), (74) 



where Vpi->o,£ € % pl ->.o and 00,6 ® ip v -)-oo,^ € "H-oo <8> 'H^. 

2. Equivalence of probability 

In this section, we show how the probability computed in the two regions Mi and M2 are related. In the GBF, 
probabilities can be computed from the amplitude maps, and are encoded in the formula 

= ^:^ gM :^| , (75) 

{QM O ^5, £>M O Ps) 

where A and S are subspaces of the Hilbert space Hqm associated to the boundary dM of the region M, and Pa 
and Ps the orthogonal projectors onto these subspaces. The symbol o denotes composition of maps. Consequently, 
Qm o Ps an d qm o Pa are linear maps from rldM to the complex numbers. Two conditions must be required for this 
composition: (i) the maps qm o Ps and qm o Pa are continuous and (ii) the map qm o Ps does not vanish. Then, 
these maps can be viewed as elements in the dual Hilbert space Hq M and the inner product (•, •) appearing in (|75[) 
is the inner product of this dual Hilbert space. P(A/S) represents the conditional probability for observing A given 
that S has been prepared. 
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We consider first the region Mi. In this case, there exists a natural decomposition of the boundary Hilbert space 
T-LdMn namely HdMi = Hi ® H* 2 . We can then choose the subspaces Sm ± and Am x as 

S Ml = {^®£:£eH|} and A Ml = {V> ® £ : V> G (76) 

In order to evaluate the numerator and denominator of (|75[) it is convenient to introduce an ON-basis of the boundary 
Hilbert space HoM t ■ In particular, since HdM t decomposes as the tensor product Hx<£*H%, we introduce two ON-bases 
{i^} and {^} for the spaces "Hi and H% respectively. Then, we have 

(QM o Ps Ml , QM o fU Ml > = E P 5 Ml ® £»M! o fU Ml (ffc ® ^f) 

(f?M O P SMl , £M O P Sm , > = 51 1^ ° P S«, ("k ® ^)| 2 - ( 77 ) 

Without loss of generality, we can choose v\—t\) and v 2 = £, and the probability (|75|l takes the form 



2 



Also without loss of generality, we can choose the states i\> and £ to be coherent states that we denote and K^ 2 , 
respectively: 



Ejl0itf 1 (#e 1 ®«' 1 2 )l s 



^(^Ia/i/oa/J - — — — ^ . 2^12 • ( - 79 ^ 



In order to give a more useful expression of the denominator, we use the resolution to identity provided by the coherent 
states to obtain: 



7 ? * 



/ I 

,2 



2 

(80) 



where C„2 ^ = Kq)^i 2 and £) is the coefficient appearing in the resolution of the identity satisfied by the coherent 
states [llj. The isomorphism expressed by the relations (po) can be used to map the subspaces Am x and Sm 1 of the 
Hilbert space associated to the boundary of the region M2 to the corresponding subspaces Am 2 and Sm 2 defined for 
the theory in the region Af 2 - In particular, as we have seen, that the relations in equation (|66p transform the free 
amplitude qm x (K^ 1 ® K^ 2 ) into the free amplitude qm 2 (K^); moreover the number C v a^ is invariant under the action 
of the isometric isomorphism ()66|) . We can consequently conclude that the probabilities computed in the region Mi 
for the free theory are the same as the one computed in the region M2, 

P(A Ml /S Ml ) I { ^ 2)=i = P(A M2 /S M2 ). (81) 

I interchanged £ with £ to fit equation! 



VI. PRESERVATION OF AMPLITUDES IN THE INTERACTING THEORY 

In this section we will first compare the observable amplitude for Weyl observables W(tfi) = exp(iD ((/))) with 
D((f>) = J d 2 x^J — det g(x)fi(x)(j)(x), where n(x) is a general test function in the regions Mi and M%, 

A. Holomorphic representation 

For a general region M we have from Proposition 4.3 of [6] the following expression for the observable amplitude: 
Qm(. K t) = Qm(K t )cxp ^i J d 2 x yj- det g(x) fi(x)f(x) + 

+i [ d 2 xd 2 x' Vdet g(x) det g(x') n(x)G% (x, x')n{x')) , (82) 

2 J M J 
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where Gp{x,x') is the Feynman propagator constructed such that 



(i]D - UdMVD)(x) = / d 2 x y/- det g(x) G F (x, x')p(x') . 
Jm 



(83) 



where rjn is the unique element of JqmL^j fulfilling the condition Z?(£) = 2ujqm{£,,Vd) for all £ G L^j. 

Since we constructed the isomorphism between %s and Hqmi such that the expressions for f for the two regions 
coincide, we have that the observable maps coincide if the Feynman propagators coincide. In region Mi we obtain for 
the Feynman propagator the following expression [23]: 



G 



= i / dp (%' - ri)c^{x)^{x') + % - r/X(a#*(z')) 



dp 
o 2p" 



(%' - 77)e ip ("-"') + 9(r) - ? ? ')e ip( ' 7 '"' 7) ) K ip {mp')Ki p (mp) 



p sinh(p7r) 



2. 



(84) 



For region M 2 we derive the Feynman propagator in the following: Let us assume that we are given a function 
4>£i 2 G L^ 2 C Ls n such that Jn n <i>M = Vd- Let us decompose <j>£ [2 as in equation (|39p . Then we find that 



dp {t]d(p)Xp{x) +c.c), 

dp (W/ 2 (p) (xp(») - X-pW) - <te 2 (p) (x P (») ~ X-p(»))j » 



(85) 



from which we obtain that J]n(p) = ~i4 , M 2 (p) f° r P > and T]d(p) = — 1 4>m 2 {~~ p) f° r P < 0. Hence, we have for 
£ G L^j using the identities in equation (|52l) that 



(86) 



ws P1 (£, »?r>) = y dp (& pi (p)i^ 2 (p) + £ Epi (-p)i^ 2 (p) - c.c.) , 
dp (^{p)ct>M 2 {p)+c.c)j 
From the condition -D(£) = J dr/dpp p(x)^(x) = ws P1 (£, r /r>) we obtain that 



^mSp)^ / drfdp' p'p,{x')<j>p(x'), 



(87) 



and with equation (|85[) we find an expression for rjo- Now we are interested in the projection of the Feynman 
propagator to the boundary r/p, — iJ-£ P1 VD- We obtain 

VD - i Js P1 VD = (i + Js n )4>m 2 = 2i / dp (Vm 2 (p) X-p(z) + 0m 2 (p) Xp(z)) ■ 



Using that (f> p (x) = </)— p (x), we find for the Feynman propagator the symmetrized expression 



G^ (x, x')=i I dp 0{p' - p)x- P (v, p) Mr/, P 1 ) + 0{P - P)X- P (V', p') Mv, p) 

o 

dp 
2^ 



9{p' - p)K- Ap \ {mp')I M (mp) + 6{p - p')K- Ap \ {mp)I l]p] (mp') 



(89) 



B. Schrodinger-Feynman quantization 

A way to compute the expectation value of the Weyl observable W is to modify the action as 



Sm^{4>) = S M fi{4>) + / d 2 xy/- det g(x) (f>(x) p(x). 



(90) 
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The form of the corresponding field propagator © can be obtained by shifting the integration variable by a classical 
solution <fi c \ that matches the boundary configuration <p on the boundary dM, 

Z M A<P)= [ Vfaz lSu ^ = f V(f>e iSM >^<t"* + ® = N M , li e lSM -^\ (91) 

where N M ,n = fs BM=0 ^e iSrw -"W. The propagator can be expressed in terms of the propagator Zm,o(<p) of the free 
theory as 

Zm,u(v) = Zm,o(v) ex P 6 1 ^ 2 x^/^d^g(x)(j> c \p,(x) + 7; J d 2 x^- det g(x) a(x) (i(x)j , (92) 

where the quantity a is the solution of the inhomogeneous equation [—pd p pd p + d 2 + m 2 p 2 ) a(rj,p) = (j,(r),p), with 
vanishing boundary condition a|aM = 0. In the region Mi, a classical solution with boundary configurations <p\ and 
if2 is given by (|19p and the function a results to be 

/ s P 2 a ' fat ' s Singfa - 77i)sinp(?72 - ?/) „, , sin 7X77' - 771) sinpfa - 77) \ 

aW,W= CI77 p I 0(»7 - »7) : — ? r +6* 77-77 ; — . (93 

J m V psmp(r)2 - 771) p sin 75(772 - 771) / 

Notice that 0(771, p) = a(r]2,p) — 0. Substituting these quantities in the expression of the propagator (|92j) and 
performing the integration in ((8]) leads to the amplitude for a coherent state ^ ® ^ 2 



x exp [ - 



d 2 x dV ^g(x)g(x')p(x)G^ (x, x')p{x') ) , (94) 



Mi 



where Q[ ni . v ?] & ® g 2 ) i s the free amplitude (151)1) . £ is the complex solution given by (|()2"j) and G F Il (x,x') is 

the Feynman propagator in region Mi given by (|84|l . Taking the limit 771 — > — 00 and 772 — > +00 in the amplitude (|94[) 
reduces to substitute the subindex M\ with the whole Rindler space. 

In the region M2, a classical solution with boundary configuration (p is given by (|22p and a can be expressed in 
integral form as 01(77, p) — dp' p' g(p, p') u(r], p'), where 

g{p,p') = -0(p' - p) (L ip (mp')K ip (mp) - L ip (mp)K ip (mp')) + Li p (mp')K ip (mp) - K- ip (mp) ^ p ™ Px . K ip (mp'), (95) 

where L lp is the real part of I lp . Notice that a satisfied the vanishing boundary condition 01(77, p\) — 0. The expression 
for the amplitude of a coherent state in the interacting theory results to be 

QM 2 {K s pui ) = Q M2 {K s pui )e^(f d 2 x^gjx)£(x)p(x)+ l - [ d 2 xd 2 x' ^/g(x)g(x')p(x)G F h (x, x')p(x')) , (96) 

\J M 2 J Ma J 

where x is a global notation for the coordinates 77, p and G F 2 (x, x') is given by Taking the limit p\ — > in the 

amplitude (|9"61 reduces to substitute the subindex M2 with the whole Rindler space. 



C. Equality of the Feynman propagators in region Mi and M2 

In this section, we show in two different ways the equality of the propagators in the region M\ and M2, i.e. we 
show the identity G F h (x : x') = G F Il {x,x'). This result means that the observable amplitudes Q% t (^) and (ty 1 ) 

coincide for all Weyl observables of the form W(4>) — e lD ^ with D((f>) — J d 2 X\J — det g(x) p(x)cf>(x) when the state 
if? is mapped to if?' with the isomorphism we identified in Section [V] and p(x) has support in the interior of both 
regions. These amplitudes can be used as generating functionals to derive all the n-point functions of the field <f> 
which, thus, also coincide for the two regions. For a quantum field theory of two interacting scalar fields fa and fa, 
the corresponding amplitude can also be generated using the amplitude in equation (|82[) as a generating functional 
[15|. Hence, the coincidence of the vacuum state, amplitudes and probabilities is also valid for the interacting theory. 
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1. First method 



We start from expression (|84|) of the Feynman propagator in region M\ . The integral can be extended to negative 
values of p by substituting p with |p|; then, using the relation 

-j-r (%' - V )e 1 ^-^ + % - r/)JWW-v)) = - Um r ji f ' g( " 2 "" ) . , (97) 
2|p| V 7 e^a J_ OQ 2tt ^ - p l + ie 

and expressing the Macdonald function in terms of the modified Bessel functions of the first kind, (|A1[) . we obtain 

1 f°° dq f°° e -' l i{ri-ri') p 
G F 1 {x,x / ) = - — dp— ——(I_ ip ( mp ') - I ip (mp'))(I- ip (mp) - I ip (mp)) — 



^L e -Wv-v') -X_ + -T + _) , (98) 

where we introduced the notation 

1 f°° 1 p 
Zlm = j dp-j 2~T^^T7 — t hp(mf/)I m i p (mp), (I = +,-), (m = +, -). (99) 

In the following, we will perform the integration over p for every term Ti m with l,m = ±1 separately. First of all, 
we notice that the each term I; m apparently contains an infinite number of poles for p = in, where n is an integer. 
However, it can be shown that only the two poles p± = ±(|g| + ie) contribute to the sum in (|9"5j) . We apply the 
complex contour integration to evaluate their contribution. We start with the integral I++ which is equal to 



1 f°° 1 p 

I++ = "4 ]_„ dp P 2 -q 2 ~ ie s^pM mp)hp{mpl) - (1 ° 0) 



We rewrite this integral using formula (5.7.1) of [26], 

{z/2y+ 11 

V(k A 

k=0 

which is valid for \z\ < oo, |argz| < it. Substituting the above expression in we get 



^^rWWT^Tj' (101) 



1 r 1 p " (mp/2) 2fc (mpV2) 2fc ' {mp/2)*{mp' ffl* 

++ 4 7.^ P p 2 -q 2 - ie sinhpTr fc ^ Q r(fc + l)r(fc' + l) r(fc + 1 + ip)r(jfc' + 1 + ip) ' 1 ' 

We compute this integral by closing the contour of integration in the complex p plane. To do this we look at the 
behavior of the gamma functions for large values of the argument. We use the asymptotic expansion (1.4.23) of [26], 

T(z) = e (*-V2)log*-*+l/21og!hr + OQzl- 1 )) , (103) 

which is valid for |argz| < ir. Substituting in Z++ we get 

++ ~ 4 7_ 00 P p 2 - g 2 - ie sinhpTr fe |^ Q r(& + l)r(fc' + 1) X 

x exp (ip(log(m 2 pp'/4) - log(fc + 1 + ip) - log(fc' + 1 + ip) + 2)) x 

x exp (-(* + 1/2) log(fc + 1 + ip) - (k' + 1/2) log(fc' + 1 + ip) - log(27r) + k + k' + 2) (104) 



We write p = re , consequently 



log(fc + 1 + ip) = log(fc + 1 + ire 10 ) = log(fc + 1 + ir cos 8 — r sin 9) 
= log y/ (k + 1 — r sin 6) 2 + r 2 cos 2 + i arctan 



fc + 1 — r sin ( 



r cos 6* 



\ogJ(k + l) 2 - 2(fc + l)rsin6» + r 2 +i arctan- (105) 

bvv ; v y fc + 1 - r sin v ' 
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which for r >> (k + 1) reduces to log(fc + 1 + ip) log r + i arctan (— cot 0). Then we have that the argument of the 
first exponential in (|104[) can be rewritten as 

ip(\og(m 2 pp /4) - log(fc + 1 + ip) - log(fc' + 1 + ip) + 2) 
= ire) log(m 2 pp'/ 4 ) - 2 logr + 2 -2i arctan (- cot 0) 

V r / 

= i (rf cos + 2r sin arctan (— cot 0)) — r (f sin0 — 2 cos 6* arctan (— cot 0)) . (106) 

Let us have a close look at the factor in the last term: 

f sin 9 ~ 2 cos arctan (- cot 9) = (log(ra 2 pp' j '4) - 2 log r + 2) sin - 2 cos arctan (- cot 9) . (107) 

For finite p, p' and € [— tt, 0] we can always choose r large enough to get this factor positive. We find that we 
can close the contour of integration in the lower half plane, namely G [— 7r, 0], send r — > oo and apply the residue 
theorem. The pole in the lower half plane is located in — \q\ — ie and the result of the integration is 

1 7T 

X ++ = 'I' ginh \q\J ~ M ( m ^ J -'lgl ( mp )• (108) 

We obtain the same expression for I , namely I++ = I For the integral and T |_, applying similar 

techniques we obtain 

1 7T 

2+_ = X_ + = --i ^rri (0(p - p')h\ q \ (mp)I_i| g | (mp') + 0(// - p)I_i| g | (H^ki • (109) 

Finally, the Feynman propagator in the region M\ results to be 

Gf 1 (*. = !^ e ~ i,(W) - p')K M (mp)J_ ik | (mp') + 0(p' - p) J_ iM (mp')] , (HO) 

where relation (|Al[) has been used. This propagator coincides with the propagator ([89)1 in the region Ma, namely 

G^f 1 (x, x') = G^f 2 (a;, x'). 



We consider formula 7.213 of |27| . 

xtanh(7rx) 



o 



2. Second method 



P_i +ix (cos\iP)r\x = Q Q _i(cosh^), 3?(a) > 0, (111) 



where P n and Q n are the associated Legendre functions of the first and second kind respectively. We set a — 
i\/v 2 ^ i £ — i|p| + e , with e > and e << 1. So, 

xUxMnx) f a 2 + b 2 + c 2 \ f a 2 + b 2 + c 2 \ 

ZW + U + * P -i«*{ 2ab ) dX - I 2 Q fr J ' (112) 

where we also have replaced cosh/3 with - "t^" 1 " , e' = |p|e is still very small and equality holds for e' — > 0. Conse- 
quently the above equation is valid for a + 2 al ^ c > 1. We now consider the formula 6.672.3 of [27], 

f°° tt 2 ( a 2 + b 2 + c 2 \ 1 

J K v (c&)K v (bx)coB(cx)dx=- r ^sec(wv)P v _i[ — \_ L ) , flt(a + b) > 0, c> 0, < -. (113) 



We multiply by cos(cy), (y > 0), both sides and then integrate with respect to c. It is easy to show that the integrals 
in the l.h.s of (|113|) result to be equal to ^K v (ay)K v (by). Then 

tt f°° fa 2 + b 2 + c 2 \ 
K v {ay)K v {by) = sec(7w) J dc cos(cy)P u _i f — 1 , (114) 
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which is valid for y > 0, 5R(a + b) > 0, IjftQ/jl < ±. 
We now consider the formula 6.672.4 of 271. 



K u (ax)Iv{bx) cos(cx)di£ 



1 



2Vab 



2ab 



5R(a) > |ft(6)|,c> Q,»(i/) > --. (115) 



By applying the same technique, namely by multiplying by cos(cy), (y > 0), both sides and then integrate with 
respect to c, we obtain 



K v {ay)I v (by) 



1 f°° 
— = / dc cos(cy)Q ly _] 
7rvao 



a 2 + 6 2 + c 2 
2a6 



(116) 



which is valid for y > 0,3fc(a) > |Sft(6)|,5ft(i/) > -±. 

We multiply by cos(cp), (y > 0), both sides of equation (|112[) and then integrate with respect to c, 



dc cos(cy) 



cctanh(7ra;) 
-|p| 2 + ie + x 



a 2 + b 2 + c 2 
2ab 



dx~ / dc cos(cy)Q iM+e _i 

J 



a 2 + b 2 + c 2 
2ab 



and invert the integral on the l.h.s. which leads to, using (|114[) and (I116[) 



xtanh(7rx) 2\/ab i— 

K- lx (ay)K- lx (by) cos(7riz) dx = nV abKi\ p \ +e {ay)Ii\ p \ +e {by), 



— \p\ 2 + ie + x 2 

x sinh(7rx) 



or equivalently 



which is valid for y > 0, $t(a + b) > 0, 3ft(a) > |9?(&)|,e > 0,e << 1. 
We now rewrite the Feynman propagator in the region M2 (|89|1. as 



, j 2 + ie + a , 2 ^(ay)^(b2/)da; = — Ki\ p \ +e (ay)Ii\ p \ +e (by), 



(117) 



(118) 



(119) 



G F 2 (x,x) = lim 



dp 



o.l ^ 2tt 



6(p' - p)K- Ap \ +t (mp')I i \ p \ +t {mp) + 6(p - p')K i \ p \ +e (mp)I i \ p \ +e (mp') 



j-p(n-n') 



(120) 



We use the relation (|119l) with the following identifications (which satisfy the conditions for the validity of (|119[0 



y = m > 0, 

a = p,b = p , for p > p , 
a = p 1 ,b — p, for p' > p, 



and obtain 



G^x') = lim f° ^ A e ip(r,') 
e->0./ „ 2tt 7T z 



x sinh(7rx) 
-|p| 2 — ie + x 2 



K lx (mp)K- lx {mp') dx. 



(121) 
(122) 
(123) 



(124) 



We invert the order of integration and perform first the integral over dp. For rj > 77' we close the contour of integration 
in the upper half plane and for rj < rj' in the lower half plane; the poles are p± — ±(|x| — ie). We obtain 



dp e ip(*l-v') 



, 2ir -p 2 - ie + x 2 2(jac| — ie) 
The Feynman propagator takes the form 



(125) 



G™ 2 (x,x') = lim 



6(r) - 7 /) e - 1 (M-i*)('7-V) + gtf - 7? ) e i(l-l-ie)('7-V)l K ix (mp)K ix (mp') 2xsu M™) ^ 



°Jo 2(jar| — ie) 

0(7? - r ? / )e- ix ^-"' ) + 0(77' - ^e 1 ^"-"')] K ix (mp)K ix (mp') 2xsmli ^ x 



1 

2x 



■dx, 



(126) 



which coincides with the expression (|84[) of the Feynman propagator in region Mi, a;') = Gp 2 (x, x'). 
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VII. SUMMARY AND OUTLOOK 



We constructed the general boundary quantum field theory for a scalar field in 2-dimensional Rindler space in 
two different regions: a region Mi with spacelike boundaries and a region M 2 with purely timelike boundary. More 
specifically, the boundary of region M% was given by the disjoint union of two equal Rindler time hypersurfaces and 
the boundary of region Mi was given as a timelike curve of constant Rindler spatial coordinate. We showed the 
existence of an isomorphism between the Hilbert spaces associated with these boundaries. 

The isomorphism we identified preserves the amplitude map, and thus, the probabilities that can be extracted from 
the free quantum field theories are also preserved. We showed that the amplitude is also preserved when an interaction 
of the quantum field with a classical source is considered. That was done by showing that the isomorphism preserves 
the generating functional for perturbative quantum field theory. To obtain this result we showed that the Feynman 
propagators for the quantum field theories in the two regions are equivalent. Consequently we have obtained two 
equivalent representations of the Feynman propagator in Rindler space. This generalizes previous results obtained for 
QFT in Rindler space (H|. 

In particular, the generating functional for a given source term is equivalent with the expectation value (opera- 
tor amplitude Q) of a particular local Weyl observable associated with that source term. We concluded that the 
expectation values for these observables are also preserved under the action of the isomorphism we identified. 

Let us emphasize again that regions with timelike boundaries like M^ cannot be considered in the standard for- 
mulation of quantum field theory. The case investigated in this article shows that pairs of regions exist in Rindler 
space where one of these regions has timelike boundaries and the other region has spacelike boundaries such that 
both regions can be used equivalently to describe the same physical situation. Analogous results have been obtained 
within the GBF in Minkowski space (l5l. Il6j. a Euclidean space P3] and de Sitter space (2~3. [25|. In Minkowski space, 
this result was used to show explicitly that the crossing symmetry is generic in the GBF. 

The result presented here will find an immediate application in the context of the so called Unruh effect which is 
often derived from a comparison between the QFT in Minkowski and Rindler spaces. From such a perspective, it is 
of particular interest that the region M2 does not extend to the spacelike infinity of Rindler space at p = 0. If Rindler 
space is embedded in Minkowski space as the right Rindler wedge, this point is mapped to the origin of Minkowski 
space. The mathematical problems arising from the singular behavior of the mode expansions used for the derivation 
of the Unruh effect at the origin of Minkowski space led to a critique of the mathematical basis of the Unruh effect by 
Narozhnyi et.al. in [2^ - [33l | 16 . By investigating the Unruh effect using region Mi such problems would be completely 
avoided. Moreover, the hypercylinder region and isomorphism constructed between the Hilbert spaces used in the 
different regions can provide a new representation of the mixed state involved in the Unruh effect. This will offer the 
possibility to study the properties of such state from a novel perspective. We shall elaborate on that elsewhere. 



The authors are grateful to Robert Oeckl for useful comments on an earlier draft of this paper. The work of DR 
has been supported by the International Max Planck Research School for Geometric Analysis, Gravitation and String 
Theory. 



The modified Bessel function of the first kind L lp , with imaginary order, and the modified Bessel function of the 
second kind K[ p , also known as Macdonald function, are related by 



The Wronskian between the modified Bessel function of the first kind and its complex conjugate results to be 
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Appendix A: Modified Bessel functions 




(Al) 




(A2) 



See also the answer by Fulling and Unruh in |34|| and a reply by Narozhnyi et.al. in |35|| . 



19 

Both these Bessel functions have an oscillatory behavior in a neighborhood of the origin (p = 0) (3(| , 



h P {mp)™(^f) /T(ip + 1), K ip (mp) « J —^— C os (-pln^ + ar g r(ip)) . (A3) 

The behavior of the Bessel function Ki p for small value of the argument has been derived in [37|. For asymptotic 
values of their argument, the modified Bessel functions behave very differently. 



Iip{mp) * 7^' Kip{mp) * V i e_mp ' for p L (A4) 

The MacDonald function satisfies the identity 

^K MKi Ap) 2 -^^ = S(,-,'), (A5) 
o P 77 

which allows us to expand the field configuration ip(p) on the hypersurface of constant Rindler time as 



<p{p) = I dp<p(p) v/2pSlnh( ^ ) K ip (mp), P >0. (A6) 
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